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Project III: Eigendigits

Optical Character Recognition using Dimensionality Reduction
and a Principal Component Analysis (PCA) classifier

Due April 29, 2008 AT THE BEGINNING OF CLASS

Purpose

This project has students build a recognition system that performs dimensionality reduction and recognition of hand-
written arabic digits using Principal Component Analysis (PCA) classifier (also known as an eigenspace classifier).

Data

You are provided a set of training images of written numeric digits that make up the MNIST database compiled by
LeCunet. al. for use in the following publication. The publication analyzes a wide variety of approaches for automatic
digit recognition within written documents.

LeCun, Y., L. Bottou, Y. Bengio, and P. Haffner, Gradient-based learning applied to document recognition, Proceed-
ings of the IEEE, Volume 86, Issue 11, 2278-2324, November 1998.

The database consists of 28x28 pixel images of handwritten numeric digits that have been scaled to be approximately
the same size and moved so that they lie approximately in the center of each image. There are two databases of images:
(1) 60000 training images in filetrain-images-idx3-ubyte (size=47040016 bytes) and (2) 10000 test images in file
t10k-images-idx3-ubyte (size=7840016 bytes). Accompanying these data files are thecorrect actual classifications
indicating the true numeric digit in each image for the training imagestrain-labels-idx1-ubyte (size=60008) and the
test imagest10k-labels-idx1-ubyte (size=10008).

You are provided a MATLAB functionfunction [label,imagedata,irows,icols]= readUByteImageAndLabel(index,
image_filename, label_filename)that will read the image and associated digit label value at the speciedindex from
the data files where theimage_filenameis a string indicating the name of the data file holding the images andla-
bel_filenameis a string indicating the name of the data file holding the label values. For example,[label,imagedata,irows,i
ols℄=readUByteImageAndLabel(1,'train-images-idx3-ubyte','train-labels-idx1-ubyte');
is MATLAB code that will load the first training image and its associated label into the variablesimagedataandlabel
respectively. The variables(irows,icols)denote the number of image rows and columns respectively forthe loaded
image.

A second MATLAB functionI = getImage(index,imagedata,rows,columns)that accesses the loaded image data
and returns a matrixI with dimension(irows,icols) that is the image at the indicated index in the imagedata. For
example,I = getImage(1,imagedata,irows,i
ols);
is MATLAB code that will return the first image in the variableimagedata.

Methodology

In this task, we will compute the mean image and the principalcomponents for a set ofM training images that
containD pixels, i.e.,D = rows∗ columns= 282 for our MNIST images. For this project each test image is a training
vector. We convert the training image with dimensions 28×28 to a feature vector,ΓΓΓi , by stacking each image column
vertically in a single vector such thatΓΓΓi has dimension 282×1. TheM total training images consist ofNt examples of
each of the 10 hand-written digits. For example, ifNt = 6 thenM = 60, or in generalM = 10Nt .
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Computing the Principal Components of the Input Data

1. Read the set training feature vectors,ΓΓΓ = {ΓΓΓ1,ΓΓΓ2, . . . ,ΓΓΓM}, from file and the associated label for each vector
L = {l1, l2, . . . , lM} that indicate the correct labels for the handwritten digitsin the corresponding images.

2. ComputeΨΨΨ, the average image for all digits, from the values of each training vector,ΓΓΓi . Both ΨΨΨ andΓΓΓi will
have dimensionsD×1.

ΨΨΨ =
1
M

M

∑
n=1

ΓΓΓn

3. Compute the zero-mean version of each of the training imagesΦΦΦi = ΓΓΓi −ΨΨΨ. Put all of the zero-centered training
images into aD×M matrixΦΦΦ = {ΦΦΦ1,ΦΦΦ2, . . . ,ΦΦΦM}.

4. ComputeC, the covariance matrix, using the zero-mean versions of thetraining images.Note thatC has
dimension M×M and characterizes the variation of the digit images aroundthe average image. Note that we
assume here that the number of training images is much less than the number of pixels in an image, i.e., M≪D.

C =
1
M

ΦΦΦtΦΦΦ

5. Compute the principal components of the scatter matrix,C, and convert the resultingM eigenvectors,vi, of
dimensionM×1 intoM eigenvectors,ui , of dimensionD×1.

ui =
1

(Mλi)1/2
ΦΦΦvi

This will generateM eigenvectors,ui , which each have unit length,‖ui‖
2 = ut

i ui = 1, and dimensionD× 1.
These eigenvectors span the eigenspace of the hand-writtendigits in the training images.Beware numerical
instabilities which may generate invalid negative eigenvalues forC. Hence, by convention, ifλi ≤ 0 then assign
ui = 0. Which assigns the eigenvectors associated with such eigenvalues to the zero vector.

Dimensionality reduction and projecting the training data into the subspace (the eigenspace)

1. Compute the mean eigenvalue,λ̄ = 1
M ∑M

i=1 λi, which we will use as a threshold for determining the subset of
eigenvalues and associated eigenvectors which point in directions of significant image variation.

2. Form an eigenspace from the collection of eigenvalues andthe associated eigenvectors which exceed the mean
eigenvaluēλ . This will consist ofK eigenvectors (K < M) which we can arrange as a set of columns in a matrix
U with dimensionsD×K.

U =
[

u1 u2 . . . uK
]

3. Compute the eigenspace representation for each of the training images by projecting each of the training images
onto theD×K subspace. This is equivalent to projecting each of theD×1 zero-centered image vectors onto
each of theK eigenvectors spanning the eigenspace. Each projection will generate a scalar result called a weight.
We denote the weight computed by projecting training vectorΓΓΓm onto eigenvectoruk asωm,k.

ωm,k = ΦΦΦt
muk = (ΓΓΓm−ΨΨΨ)t uk

The entire vector ofK weights for themth training vector may be computed as a row vectorΩΩΩm= [ωm,1,ωm,2, . . . ,ωm,K ]
in one matrix multiply using the following equation:

ΩΩΩm = ΦΦΦt
mU = (ΓΓΓm−ΨΨΨ)t U

which generates a 1×K dimensional vector of weights for training vectorm. Finally, the whole collection of
weights for all training vectors may also be computed in a single matrix multiply through the following equation:

ΩΩΩ = ΦΦΦtU

Where themth row of the resultingM×K matrix is the set weightsΩΩΩm for training vectorm.
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Note that our resulting representation of all the training data consists of three components: (i) the projected training
image weights and their associated training labels,{ΩΩΩ,L}, (ii) the vectors that define our eigenspaceU, and (iii) the
mean of the training imagesΨΨΨ. ΩΩΩ is a matrix havingM rows, one for each training image, andK columns, one for
each dimension in the eigenspace. SinceK ≪D, this representation is a dimensionality reduction. This dimensionality
reduction incurs some loss of information. The amount of lost information is directly related to the amount of energy
in the eigenvalues which are discarded in step (1) above where the dimensionality reduction occurs. We can look at
the loss of information by reconstructing a training image from the eigenspace representation as follows:

Γ̃ΓΓm = ΩΩΩmUt + ΨΨΨ

The loss of information for themth training vector is provided by the following equation:

em

(
ΓΓΓm, Γ̃ΓΓm

)
=

∥∥∥ΓΓΓm− Γ̃ΓΓm

∥∥∥

If wish to be able to perfectly reconstruct all the training data images, the full eigenspace would have dimension
M ×D, i.e., M vectors each havingD-dimensions which jointly space theentire linear vector space defined by the
training image data and corresponds to simply a change in coordinates for the space of digit images. Where the
maximum dimensionality for the space isD×D which occurs whenM ≥ D. However, such large values forM usually
correspond to circumstances that are typically intractable in terms of computational resources having both prohibitive
computational complexityO(D3) and memory requirements.

Classification

Classification proceeds in a straightforward manner by projecting the zero-centered test vector into the eigenspace and
performing ak−nearest neighbor search within the eigenspace wherek =.

1. Load a test imageΓΓΓz.

2. Convert this into a zero-mean imageΦΦΦz = ΓΓΓz−ΨΨΨ.

3. Project the test image into the eigenspace.

ΩΩΩz = ΦΦΦt
zU = (ΓΓΓz−ΨΨΨ)t U

This will generate a 1×K vector of weights,ΩΩΩz = [ωz,1,ωz,2, . . . ,ωz,K ], which is the dot product between each
eigenvector,ui , and the zero-centered test image,ΦΦΦz.

4. Find the eigenspace training vector closest to the projection of the test vector into the eigenspaceΩΩΩz:

Ω̂ΩΩ = min
1≤m≤M

‖ΩΩΩm−ΩΩΩz‖

5. We then take as the classification forΩΩΩz the class label,̂l , associated with the minimum distance training vector
Ω̂ΩΩ.

Structure of your Code

You will write your classifier using MATLAB. The main projectcode will reside in a MATLAB script file:project3.m.
This file will make use of the utility functions which you willwrite to complete the eigenspace recognition. The first
aspect of the recognition problem is to compute the eigenvectors for the complete eigenspace. You will do this by
writing a MATLAB function with the following function prototype:fun
tion [Ufull,lambda,psi℄ = 
omputeFullEigenSpa
e(gammaMatrix)
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whose input is the complete set of test images in aD×M matrix, gammaMatrix , and returns theD×M matrix of
eigenvectors of the full eigenspace in a orthogonal matrixUfull , the associated eigenvalues in aM×1 vectorlambda,
and theD×1 mean image vectorpsi.

You will then reduce the dimensionality of the full eigenspace by calling a MATLAB function with the following
function prototype:fun
tion [omegaMatrix,Uredu
ed℄ = redu
eEigenSpa
e(Ufull,lambda,phiMatrix)
whose input is the theD×M matrix of zero-centered training imagesphiMatrix , theD×M matrix of eigenvectors for
the full eigenspaceUfull , and the associated eigenvalues in aM×1 vectorlambda. Values returned from this function
include theM×K matrix of reduced eigenspace training vectorsomegaMatrix, and theD×K matrix of eigenvectors
associated with theK-dimensional eigenspaceUreduced.

We may then use the computed eigenspace for recognition. To do so, we must write a MATLAB function with the
following function prototype:fun
tion estimatedLabel = eigenspa
eClassify(I_test, omegaMatrix, L, Uredu
ed, psi)
whose input is a test image,I_test, and the parameters of the eigenspace which consist of the eigenspace training
vectorsomegaMatrix, their associated class labelsL , the eigenspace vectorsUreduced, and the mean training image
psi. A single value is returned which is the estimated label value for the test imageestimatedLabel.

Within the eigenspaceClassify()function you will need to solve the nearest neighbor problemagain (step (4) in
Classification). Note that you can (and should) re-use your k-NN classifier functions from project 2. However, since
the features are not organized by class, you will need to modify the function prototypes to those below:fun
tion estimatedLabel = kNNClassify(I_test,k,featureValues,featureLabels)
whereI_test is the test imageΓΓΓz, the parameterk denotes the number of nearest neighbors for the classifier,fea-
tureValues is anM×K matrix of the eigenspace training vectors (one vector per matrix row), andfeatureLabels is
an M × 1 vector of labels such that elementm of the featureLabelsvector indicates the class label for the training
vector at rowm of the featureLabelsmatrix. The function returns the k-NN classification result, i.e., the estimated
label value (digit value) for the input test image.fun
tion [xNN,xlabels℄ = findkNN(x_test,k,featureValues,featureLabels)
wherex_testis the vectorΩΩΩz, the parameterk denotes the number of nearest neighbors for the classifier,featureValues
is anM×K matrix of the eigenspace training vectors (one vector per matrix row), andfeatureLabelsis anM×1 vector
of labels such that elementm of the featureLabelsvector indicates the class label for the training vector at row m of
thefeatureLabelsmatrix. The returned valuexNN is ak×K matrix where each row has dimensionK and corresponds
to one of the training vectorsΩΩΩm that is among the k nearest neighbors ofx_test. The second returned valuexlabels
indicates the label for each feature vector in the matrixxNN. Note you will only need to call this function fork = 1.

To turn in

Turn in the source code to your program which consists of the main program inproject3.mand the four functions
computeFullEigenSpace(), reduceEigenSpace(), eigenspaceClassify(), kNNClassify(),andfindkNN().

1. Train your system usingNt = 5 examples for each digit from the training data. Using your “Eigendigit” classi-
fier, classify the firstT = 3000 images from the test data. Output the classifiererror rates for each of the digits
and theoverall error rate.

2. Same as in (1), letNt = 10.

3. Same as in (1), letNt = 20.

4. Same as in (1), letNt = 30.

ECGR4090/6090/8090 Pattern Recognition Spring 2008, Dr. Willis



Assigned April 17, 2008 Project III Page 5 of 5

5. Write a brief discussion analyzing your results for classifying digits.

Complete your code by commenting your main program and each of the functions such that when you typehelp
<functionname>into the MATLAB prompt, a description of your correspondingfunction with parameters and return
values is printed to the screen. Clarify your presented results by annotating your plots using the MATLABxlabel()
andylabel()commands.

Extra Credit

1. Change the nearest neighbor search parameter such thatk > 1 to see if you can improve your recognition
performance on the digits. Repeat steps (1-4) from the section To turn inabove with your new value fork and
write a paragraph comparing your results to those fork = 1.

2. Apply your eigenspace recognition program to a collection of face images and perform steps (1-5) from the
sectionTo turn inabove. The face image data is available upon request.
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